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1. Introdution
This work is onerned with the study of algebrai families of rational urves.
The main theorem yields a splitting-riterion for families of singular urves. In some
ases, this eetively omplements the bend-and-break argument whih appears in
the work of Mori. We apply this result to projetive varieties X whih are overed
by a family of rational urves of minimal degrees. More preisely, we x a general
point x ∈ X and prove in theorem 3.3 that the subfamily of singular rational urves
whih pass through x is at most one-dimensional. Furthermore, we desribe the
singularities of the urves.
This has further onsequenes: rst, we show that the tangent map whih sends
a urve through x to its tangent diretion in P(T ∗X |x) is a nite morphism. We
believe that this will be useful in the further study of Fano manifolds with Piard
number one.
For the seond appliation, reall Mori's bend-and-break whih asserts that if
x, y ∈ X are two general points, then there are at most nitely many urves in the
family whih ontain both x and y. In this work we shed some light on the question
as to whether two suiently general points atually dene a unique urve.
Finally, we give a haraterization of the projetive spae whih, in harateristi
0, improves on some of the known generalizations of Kobayashi-Ohiai's theorem.
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Throughout this paper, unless otherwise noted, we work over an algebraially
losed eld k of arbitrary harateristi and use the standard notation of algebrai
geometry. For spaes of rational urves, our prinipal referene is [Kol96℄.
Aknowledgement. The paper was written while the author enjoyed the hospitality
of RIMS in Kyoto. The author is grateful to Y. Miyaoka for the invitation and to
the members of that institute for reating a stimulating atmosphere. He would like
to thank S. Helmke, J.-M. Hwang, S. Kovás, Y. Miyaoka and S. Mori for a number
of disussions on the subjet.
2. Families of singular urves
The subjet of the present setion is a splitting riterion for algebrai families
of singular rational urves. Before stating the main result, however, we need to
introdue notation. Without this, the formulation would be diult.
Notation 2.1. Let C be a urve and η : C˜ → C the normalization. We say that C
is immersed if η has rank one at all points of C˜.
Notation 2.2. Let C be an irreduible and redued singular rational urve and
L ∈ Pic(C) a line bundle of degree k > 0. Let (Ci)i∈{0,1} be the nodal and uspidal
plane ubi. We say that a smooth point x ∈ C is general with respet to L,
if β∗i (L) 6
∼= OCi
(
kβ−1i (x)
)
for all birational morphisms βi : Ci → C and for all
i ∈ {0, 1}.
Lemma 2.3. If C and L are as above, then the set of points whih are general with
respet to L is Zariski-open in C.
Proof. As a rst step, note that if x ∈ C is a smooth point, g ∈ Aut(Ci) an
automorphism and βi : Ci → C a birational morphism, then it is lear that
(g ◦ βi)
−1(L) ∼= OCi
(
k(g ◦ βi)
−1(x)
)
if and only if β−1i (L)
∼= OCi
(
kβ−1i (x)
)
.
To onlude, it sues to note that up to omposition with automorphisms
there are only nitely many birational morphisms Ci → C. Reall that for a given
bundle Li ∈ Pic(Ci), we have that OCi(ky) 6
∼= Li for all but nitely many smooth
points y ∈ Ci.
The following is the main result of this setion and the tehnial ore of this
paper.
Theorem 2.4. Let pi : X → Y be a projetive morphism between proper positive-
dimensional varieties suh that the general ber is an irreduible and singular ra-
tional urve. Assume that pi is equi-dimensional and that there exists a setion
σ∞ ⊂ X and a morphism γ : X → Z whih maps σ∞ to a point and is nite on the
omplement of σ∞. Let L ∈ Pic(X) be a line bundle whose restrition to pi-bers
is of positive degree. Assume furthermore that one of the following holds:
1. all pi-bers are immersed urves
2. no pi-ber is immersed and there exists a losed point y ∈ Y with redued and
irreduible ber Xy := pi
−1(y) suh that σ∞ ∩Xy is a smooth point whih is
general with respet to L|Xy .
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3. the restrition of L to pi-bers is of degree 2 and there exists a losed point
y ∈ Y with redued and irreduible ber Xy := pi−1(y) suh that σ∞ ∩Xy is
general with respet to L|Xy .
Then there exists a point y ∈ Y suh that pi−1(y) is not irreduible or not generially
redued.
The remaining part of setion 2 is devoted to the proof of theorem 2.4. The
reader who is predominantly interested in the appliations may want to skip the
rest of this setion on rst reading. We remark that statement (1) has already been
onsidered by several authors, e.g. [CS95, set. 2℄.
In order to prove the theorem, we argue by ontradition. More preisely, we
assume the following throughout the present setion 2.
Assumptions 2.5. Assume that pi : X → Y is a family as desribed in theorem 2.4,
but all bers of pi are irreduible and generially redued. In partiular, the redu-
tion of any pi-ber is a singular rational urve. Sine the statement of theorem 2.4
is stable under nite base hange and under restrition to positive-dimensional
subvarieties of Y , we assume without loss of generality that Y is a smooth urve.
2.1. Redution to families of plane ubis. As a rst step in the proof of
theorem 2.4, we show that the family X → Y an be replaed by a family where
every ber is isomorphi to a plane ubi. Although we need this only over smooth
urves, we formulate more generally for arbitrary normal bases. The sueeding
lemma is the key to the redution.
Lemma 2.6. Consider the following diagram of surjetive projetive morphisms:
N˜ ⊂ X˜
∃α
&&N
N
N
N
N
N
N
η
normalization
//
p˜i
##
X
pi
{{
⊃ N
X ′
∃β
88q
q
q
q
q
q
q
∃pi′




Y
where pi is projetive, Y is a smooth urve and the following holds
• p˜i is a P1-bundle, i.e. a smooth morphism whose bers are isomorphi to P1
• all pi-bers are irreduible and generially redued singular rational urves
• there exists a setion N ∼= Y and a subsheme N˜ ⊂ η−1(N) so that for all
losed points y ∈ Y , the sheme-theoreti intersetion p˜i−1(y) ∩N is a zero-
dimensional subsheme of length 2
Then there exists a fatorization η = β ◦ α via a variety X ′ suh that all bers of
pi′ are rational urves with a single usp or node.
Proof. Set
A := Image (η∗(JN˜ )⊕OX → η∗(OX˜)) ⊂ η∗(OX˜),
where JN˜ ⊂ OX˜ is the ideal sheaf of N˜ . It follows immediately that A is a oherent
sheaf of OX -algebras. Dene X ′ := Spe(A). The existene of α, β and pi′ follows
by onstrution.
In order to see that bers of pi′ are of the desired type, let y ∈ Y be an arbitrary
losed point. We are nished if we show that the ber (pi′)−1(y) has a single
singularity whih is a simple node or usp.
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After replaing the base Y by an ane neighborhood of y and performing a base
hange, if neessary, we may assume that there exists a relatively ample divisor
D ⊂ X whih intersets every pi-ber in a single smooth point. We may furthermore
assume that X˜ ∼= Y × P1. Write U := X \ D, write U˜ := η−1(U) and note that
both U and U˜ are ane. By hoosing a bundle oordinate z on X˜, we may write
U ∼= Spec(R), Y ∼= Spec(S) and U˜ ∼= Spec(S ⊗k k[z]).
Beause N ∼= H we an deompose R = JN (U) ⊕ pi#(S). Sine
η# (JN (U)) ⊂ JN˜ by onstrution, we have the equation of rings
A(U) = Image
(
JN˜ (U˜)⊕R→ S ⊗ k[z]
)
= Image
(
JN˜ (U˜)⊕ S → S ⊗ k[z]
)
If z is hosen properly, tensoring with k(y) yields
A(U)⊗ k(y) = Image
(
JN˜ (U˜)⊗ k(y)⊕ k(y)→ k(y)[z]
)
= (z2 − c) + k(y) ⊂ k(y)[z]
for a number c ∈ k(y). An elementary alulation shows that this ring is generated
by the elements z2 − c, z(z2 − c) and the onstants k(y). Therefore
β−1
(
pi−1(y) ∩ U
)
= Spec k(y)
[
z2 − c, z(z2 − c)
]
= Spec k(y)[a, b] /
(
b2 − a2(a+ c)
)
whih denes a usp if c = 0 and a node otherwise.
In the proposition above, the assumption that p˜i is a P1-bundle is automatially
satised in harateristi zero. In positive harateristi, it an be neessary to
perform a nite base hange before the normalization yields a bundle. See [Kol96,
II.2℄ for a detailed aount of this phenomenon.
Proposition 2.7. If pi : X → Y satises the assumptions 2.5, then there is a
family pi′ : X ′ → Y ′ whih satises assumptions 2.5 as well, and all bers are
rational urves with a single node or usp.
Proof. The strategy of this proof is to nd a sequene of base hanges whih modify
X and Y so that lemma 2.6 an be applied.
First, after nite base hange, we may assume that the normalization X˜ is a
P1-bundle over Y . Reall that smooth morphisms are stable under base hange.
Thus, even after further base hanges, the normalization of the pull-bak of X will
still be a P1-bundle over the base.
Now let XSing,pi ⊂ X be the singular lous of pi-bers and let N ⊂ XSing,pi be an
irreduible omponent whih maps surjetively onto Y . Sine Y is assumed to be a
smooth urve, N is atually nite over Y . If pi|N is not isomorphi, perform a base
hange. Thus, we assume that N ∼= Y .
As a next step, let η : X˜ → X be the normalization and onsider the relative
Hilbert-sheme piH : Hilb2(η
−1(N)/Y ) → Y of zero-dimensional subshemes of
length 2 in η−1(N) over Y . Reall the fat that taking the Hilbert-sheme ommutes
with base hange (see e.g. [Kol96, I.1.4.1.5℄). In our setup this means that if Y ′ → Y
is a morphism, then
Hilb2(η
−1(N)×Y Y
′/Y ′) ∼= Hilb2(η
−1(N)/Y )×Y Y
′.
This has two important onsequenes.
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First, by hoie of N , if y ∈ Y is a general point, then η−1(N) ∩ p˜i−1(y) is zero-
dimensional of length at least two, so that pi−1H (y) is not empty. It follows that piH
is surjetive.
Seond, let V ⊂ (Hilb2(η−1(N)/Y ))red be a subvariety whih is nite
over Y . Let Y ′ be the normalization of V and perform another base
hange. Sine taking Hilb ommutes with base hange, Y ′ an be seen as
a subsheme of Hilb2(η
−1(N) ×Y Y ′/Y ′) and therefore denes a subsheme
N˜ ⊂ ˜X ×Y Y ′ = X˜×Y Y ′. Thus, all the prerequisites of lemma 2.6 are fullled, and
we an apply that lemma in order to obtain X ′. Beause our onstrution involves
only nite base hange, it is lear that X ′ satises the requirements of theorem 2.4
if and only if X does.
Remark 2.8. Under the assumptions 2.5, let Xy be a general pi-ber. If Xy is not
immersed, then it is lear from the onstrution that one an hoose pi′ : X ′ → Y ′
so that any pi′-ber is isomorphi to a uspidal plane ubi. Analogously, if all pi-
bers are immersed, the onstrution automatially yields a family of urves where
eah ber is isomorphi to a nodal plane ubi.
2.2. Proof of theorem 2.4. We will now employ the line bundle L in order to
nd two disjoint setions σ˜0, σ˜1 ⊂ X whih annot be ontrated. The following
elementary lemma says that this is not possible.
Lemma 2.9. Let pi : X˜ → Y be a smooth minimal ruled surfae. Assume that
there are three distint setions σ˜0, σ˜1 and σ˜∞ where σ˜
2
∞ < 0. Then σ˜0 and σ˜1 are
not disjoint.
Proof. Write σ˜0 ≡ σ˜∞+a0C, σ˜1 ≡ σ˜∞+a1C where≡ denotes numerial equivalene
and C is a general ber of pi. Sine σ˜0 and σ˜1 are eetive, σ˜0,1.σ˜∞ ≥ 0 and thus
a0, a1 ≥ −σ˜2∞ > 0. Therefore σ˜0.σ˜1 = σ˜
2
∞ + a0 + a1 > 0.
With this preparation we an now nish the proof of theorem 2.4. We stik to the
assumptions 2.5 and let pi : X → Y be the family of urves with a single usp or
node whose existene is guaranteed by proposition 2.7. Let η : X˜ → X be the
normalization and reall that the natural map p˜i : X˜ → Y gives X˜ the struture of
a P1-bundle.
2.2.1. Proof of ase (1) of theorem 2.4. In this setting, we may assume that all pi-
bers are nodal plane ubis. After base hange, we may assume that the preimage
η−1(XSing) ontains two disjoint setions σ˜0 and σ˜1. If σ∞ ⊂ XSing, then we
an hoose σ˜0, σ˜1 ⊂ η
−1(σ∞) and both σ˜0 and σ˜1 an be ontrated. This is
learly impossible. On the other hand, if σ∞ 6⊂ XSing, then X˜ ontains the setion
η−1(σ∞), whih an be ontrated, and the setions σ˜0, σ˜1 ⊂ η−1(XSing) whih
are disjoint. Sine σ˜0 and σ˜1 are both dierent from η
−1(σ∞), this ontradits
lemma 2.9.
2.2.2. Proof of ase (2) of theorem 2.4. Let y ∈ Y be any losed point and set
Xy := pi
−1(y) and k := degL|Xy . By remark 2.8, we may assume that Xy is a
rational urve with a single usp. But then there exists a unique smooth point
xy ∈ Xy suh that OXy (kxy) ∼= L|Xy . A alulation of the deformation spae of
the uspidal plane ubi yields that pi is a loally trivial ber bundle. In partiular,
by taking the union of the xy we obtain a setion σ0 ⊂ XReg whih does not meet
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the singular lous of X . Set σ˜0 := η
−1(σ0), set σ˜1 := η
−1(XSing) and note that
σ˜0 and σ˜1 are disjoint. By the assumption that σ∞ ∩Xy is a smooth point whih
is general with respet to L|Xy , it follows that σ˜0, σ˜1 and η
−1(σ∞) are distint.
Again, this ontradits lemma 2.9.
2.2.3. Proof of ase (3) of theorem 2.4. We may assume without loss of generality
that there exist points y ∈ Y suh that pi−1(y) is a nodal urve. Otherwise, we are
in ase (2) of the theorem.
Let y ∈ Y be any losed point and set Xy := pi−1(y). Sine Xy is a rational
urve with a single node or usp, and L|Xy is a line bundle of degree two, L|Xy is
basepoint-free and indues a 2:1 over
Γy : Xy → P(H
0(L|Xy )
∗) ∼= P1.
If Xy is a nodal urve, and η : P1 → Xy the normalization, we know that the branh
lous of Γy ◦ η onsists of two distint points x0, x1 whih are not ontained in the
preimage of the singularity: xi 6∈ η−1((Xy)Sing). We extend Γy to a global map Γ:
X˜
η
normalization
//
p˜i
++
X
Γ //
pi

P(pi∗(L)
∗)
tt
Y
Note that pi∗(L) is loally free of rank 2. Reall that X˜ is a minimal smooth ruled
surfae over Y and let D ⊂ X˜ be the (redued) branh lous of Γ ◦ η. Then D
intersets every p˜i-ber in exatly 2 distint points.
After performing another base hange, if neessary, we may assume without loss
of generality that D is reduible. Write D = σ˜0 ∪ σ˜1 and note that σ˜0 ∩ σ˜1 = ∅,
i.e. that σ˜0 and σ˜1 are disjoint setions. But X˜ ontains also a ontratible se-
tion σ˜∞, whih is a omponent of the preimage of x ∈ X . By assumption (3) of
theorem 2.4, these three setions are distint, ontradition. This ends the proof of
theorem 2.4.
3. Appliations
3.1. Families of singular urves on projetive varieties. The purpose of this
setion is to give an estimate of the dimension of the spae of singular urves through
a general point and the desribe the singularities.
For the reader's onveniene, we reall some fats about parameter spaes for
rational urves. See [Kol96, II.2℄ for a detailed aount of these matters. Let X be
a projetive variety and Chow(X) its Chow-variety with universal family
UnivChow(X) ⊂ X × Chow(X).
It an be shown that Chow(X) ontains a quasi-projetive subvariety V ⊂ Chow(X)
parameterizing irreduible and generially redued rational urves.
In harateristi 0, dene RatCurvesn(X) to be the normalization of V , and note
that the normalization of the universal family over RatCurvesn(X) beomes a P1-
bundle. In order to ahieve the same in positive harateristi, let RatCurvesn(X)
be the normalization of a anonially given nite over of V .
Throughout the rest of this work we onsider the following setup.
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Notation-Assumptions 3.1. Let X is a projetive variety (not neessarily normal)
over k and H ⊂ RatCurvesn(X) an irreduible family (not neessarily proper) of
rational urves with universal family U ⊂ X ×H as follows
U
ι //
pi

X
H
Assume that ι is dominant. If x ∈ X is any point, then dene Hx ⊂ H to be the
subfamily of urves through x: HX := pi(ι
−1(x))red. Write Ux for the restrition of
the universal family and ιx, pix for the restritions of the anonial morphisms.
We assume throughout the present setion that Hx is proper for general hoie
of x ∈ X . We dene locus(Hx) := ι(Ux) with its redued struture.
Remark 3.2. It is a main result of Mori theory that a family H (minimal rational
urves) satisfying the assumptions always exists if X is a Fano manifold.
Theorem 3.3. Let HSing ⊂ H be the subfamily parametrizing singular urves and
let L ∈ Pic(X) be a line bundle whose restrition to the urves is of positive degree.
If x ∈ X is a general point, then the following holds
1. The subfamily HSingx of singular urves through x has dimension at most one.
The subfamily HSing,xx ⊂ H
Sing
x of urves whih are singular at x is at most
nite. If HSing,xx is not empty, then the assoiated urves are immersed.
2. If L intersets the urves with multipliity two, then HSingx is at most nite
and HSing,xx is empty.
For the appliations it is important to keep in mind that the notion of a general
point depends on the hoie of the line bundle L.
Proof. As a rst step, we need to nd an estimate for the dimension of the subfamily
of non-immersed urves. We let HSing,ni ⊂ HSing be the losed subfamily of non-
immersed urves and laim that
dimHSing,nix < 1.(3.1)
Indeed, if dimHSing,nix ≥ 1, then let C ⊂ X be a singular urve whih orresponds
to a general point of a omponent of HSing,ni whih is of maximal dimension. By
lemma 2.3, we nd a smooth point y ∈ C whih is general with respet to L|C .
We remark that C is not an isolated point point of HSing,niy and onlude by theo-
rem 2.4.(2) that HSing,niy annot be proper. But then Hy annot be proper, ontrary
to our assumption. This shows the inequality (3.1).
Next, we show that dimHSingx ≤ 1. We will argue by ontradition and assume
that dimHSingx ≥ 2. Now, if H
′ ⊂ HSingx is any urve whih parameterizes nodal
urves in X , we an apply theorem 2.4.(1) to the family H ′ to see that H ′ is not
proper. It follows that the losure H ′ intersets HSing,nix and therefore
codim
H
Sing
x
HSing,nix ≤ 1.
Hene our laim follows from the inequality (3.1).
In order to show that HSing,xx is at most nite, perform a dimension ount. It is
lear that
dimUSing = dimHSing + 1 ≥ dimHSing,xx + dimX + 1,
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whih in turn implies that general bers F of the natural projetion USing → X
are of dimension dimF ≥ dimHSing,xx + 1. Now it sues to note that the natural
map F → HSingx is nite, i.e. that dimF = dimH
Sing
x to obtain that
1 ≥ dimHSingx ≥ dimH
Sing,x
x + 1
whih yields the niteness result.
With the inequality (3.1), the same dimension ount, using the family HSing,ni,
immediately shows that
1 > dimHSing,nix ≥ dimH
Sing,ni,x
x + 1
whih means that all urves assoiated with HSing,xx are immersed. This ends the
proof of statement (1).
To prove statement (2), we argue as above. Let C ⊂ X be a singular urve
orresponding to a general point of HSing and y ∈ C general with respet to L|C .
By theorem 2.4.(3), the family HSingy annot be proper, ontradition.
3.2. Existene of a nite tangent morphism. If dimHx > 1, then theo-
rem 3.3.(1) asserts that the general urve assoiated with Hx is smooth at x. If H˜x
is the normalization of Hx, we may therefore dene the tangent map
τx : H˜x 99K P(T
∗
X |x)
whih assoiates a urve through x whih is smooth at x with its tangent diretion
at x. Here we show that τx is always a morphism.
The image of the tangent map has been studied extensively in a series of papers
by J.-M. Hwang and N. Mok. The authors informed us that theorem 3.4 an be used
to give a dierent, simpler proof of the deformation rigidity of hermitian symmetri
spaes.
Theorem 3.4. Under the assumptions 3.1, if x ∈ X is a general point, then the
tangent map τx is a nite morphism.
Proof. If f : P1 → X is a morphism whih is birational onto its image, if f(0) = x
and the image Image(f) is a urve whih is assoiated with H˜x, then it follows from
theorem 3.3.(1) that f is smooth in a neighborhood of 0 ∈ P1. Now, to onlude
that τx is a morphism, it sues to realize that τx an be written as a omposition
H˜x
τx
,,
α // Hombir(P1, X, 0 7→ x)/Aut(P1, 0)
β

P(T ∗X |x)
where Hombir(P1, X, 0 7→ x) is the parameter spae of morphisms, and β sends a
morphism f to the image of its tangent map: β : f 7→ Tf(TP1 |0). The existene
of α and the existene of the quotient spae follows from universal properties see
[Kol96, II.3℄.
To show that τx is nite, we argue by ontradition. If τx was not nite, we
ould nd a urve H ′ ⊂ H˜x suh that τx(H
′) is a single point v ∈ P(T ∗X |x). After
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hanging base, we an assume that H ′ is smooth, and onsider the diagram:
U ′
pi′

ι′ // X
H ′
where U ′ is the normalization of the universal family and hene a P1-bundle overH
′
.
There exists a setion σ∞ ⊂ U ′ whih ontrats to the point x, and the restrition
of the tangent morphism T ι′ yields a morphism:
T ι′ : Nσ∞,U ′ → v
∼= k
where Nσ∞,U ′ is the normal bundle of σ∞ and v a line in TX |x. But sine the
normal bundle is not trivial, this map has to have a zero! Thus, there exist urves
assoiated with H ′ whih have non-immersed singularities at x. This ontradits
theorem 3.3.(1), and we are done.
3.3. Uniqueness of rational urves through 2 points. In the setup given
in 3.1, the author onjetures that the map ιx is always generially one-to-one
onto its image. It is a diret onsequene of theorem 3.3.(2) that this holds in the
presene of a line bundle of low degree.
Theorem 3.5. If there exists a line bundle L ∈ Pic(X) interseting the urves
with multipliity 2, then ιx is generially one-to-one onto its image. In partiular,
if y ∈ locus(Hx) is a general point, then there exists a unique urve in H ontaining
both x and y.
Proof. Following an argument of Miyaoka, ιx is generially one-to-one if
HSing,xx = ∅, and the latter follows from theorem 3.3.(2). See [Kol96, V.3.7.5℄
for a proof of Miyaoka's result.
Remark that if k is a eld of harateristi zero, then generially one-to-one
implies birational. In nite harateristi this is of ourse not neessarily so, and
ιx will ertainly not be birational in general.
3.4. Charaterization of Pn. In [KO73℄, Kobayashi and Ohiai haraterized the
projetive spae as the only Fano-manifold X whose anonial bundle is divisible
by dimX + 1. This result was generalized by several authors, e.g. in [KS99℄. We
employ theorem 3.5 to give a haraterization of the projetive spae in terms of
families of rational urves whih improves on the known results.
Theorem 3.6. Let X be a normal projetive variety dened over C, L ∈ Pic(X)
and H ⊂ RatCurvesn(X) an irreduible omponent. Let x ∈ locus(H) be a general
losed point. Assume that Hx is proper and that locus(Hx) = X. If L.C = 2 for a
urve C ∈ H, then X ∼= Pn.
By the lassi argumentation of Mori, when X is a Fano-manifold and
−KX .C > dimX for all rational urves C ⊂ X , then a family H exists where
Hx is proper and locus(Hx) = X .
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Proof. Let U˜x be the normalization of the universal family Ux and onsider the
diagram
U˜x
ι˜x //
p˜ix
P1-bundle 
X
H˜x
τx // P(T ∗X |x)
It follows diretly from theorem 3.5 that ι˜x is birational and it follows immediately
that τx is birational as well. But then τx is a nite birational morphism between
normal spaes, and therefore isomorphi. In partiular, H˜x and U˜x are smooth.
The indued map ι˜x : U˜x → X is an isomorphism away from the setion
D := ι˜−1x (x), whih is ontrated: otherwise, Zariski's main theorem asserts that
there exists a point x′ ∈ X and a positive dimensional subfamily of urves passing
through both x and x′. But Mori's bend-and-break argument says that this an-
not happen if Hx is unsplit. In partiular, sine U˜x is smooth it follows that X is
smooth.
In this setting, an elementary theorem of Mori yields the laim. See [Kol96,
V.3.7.8℄.
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